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By using the quantum-memory-assisted entropic uncertainty relation (EUR), we derive a computable tight
upper bound for quantum discord, which applies to an arbitrary bipartite state. Detailed examples show that this
upper bound is tighter than other known bounds in a wide regime. Furthermore, we show that for any tripartite
pure state, the quantum-memory-assisted EUR imposes a constraint on the shareability of quantum correlations
among the constituent parties. This conclusion amends the well accepted result that quantum discord is not
monogamous.
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Quantum correlations are of special importance in quantum
information processing, such as in the deterministic quantum
computation with one qubit [1], and other related quantum
protocols [2–4]. Among different measures of quantum cor-
relation, quantum discord (QD) [5] has been attracting partic-
ular attention. Various aspects of QD , e.g., the role it played
in identifying quantum phase transition [6], its local creativ-
ity [7], and operational interpretation [8], have been explored.
Its peculiar behaviors in evolution under noisy environments
[9, 10] have also been investigated.
Despite the significance, the value of QD is notoriously dif-
ficult to calculate due to the optimization procedure involved.
Analytical results are known only for certain special classes
of states [11–13]. Particularly, it has been proved that it is im-
possible to obtain a closed expression for QD, even for general
states of two qubits [14]. This fact makes it desirable to obtain
some computable bounds for QD, and several attempts have
been devoted to this issue in the past few years [15–18].
In this work, we reexamined the above issue from some
alternative perspectives. We noted that the quantum corre-
lation plays a deterministic role in improving the prediction
precision of an imaginary “uncertainty game” [19], which
has been further explored in several recently published pa-
pers [20]. Particularly, a connection between entanglement
and measurement uncertainty was established in a very re-
cent work [21]. Here, instead of concentrating on the role that
QD played in tightening the lower bound of the new entropic
uncertainty relation (EUR) [22], we reversely consider how
this EUR constrains the magnitude of QD. Our study shows
that from the uncertainty principle represented as the EUR,
one can derive certain improved upper bounds for QD. These
bounds are tighter in a wide regime than those obtained in the
literature [15, 16].
Another issue we will study is how the EUR affects share-
ability of quantum correlations among different subsystems.
It is well known that QD does not satisfy the monogamy re-
lation which is considered a fundamental property concerning
the resource shareability among multi-parties [23]. Naturally,
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a question arises as to whether there exists any constraint on
the shareability of QD. We find that the EUR sets a fundamen-
tal limit on the shareability of QD for all the tripartite pure
states. This can be considered as an amendment to the fact
that QD violates the monogamy condition.
Let us first recall the definition of QD, which is based on the
partition of the total correlations in a state ρAB , measured by
the quantum mutual information I(ρAB) = S(ρA)+S(ρB)−
S(ρAB), into two different parts, i.e., the classical part and the
quantum part. The classical part JA(ρAB), also known as the
classical correlation [5], is defined as
JA(ρAB) = S(ρB)− min
{EA
k
}
S(B|{EAk }), (1)
where S(ρB) = −Tr(ρB log2 ρB) denotes the von Neumann
entropy of the reduced density operator ρB = TrAρAB , and
S(B|{EAk }) =
∑
k pkS(ρB|k) is the averaged conditional
von Neumann entropy of the nonselective postmeasurement
state ρB|k = TrA(EAk ρAB)/pk after the positive operator val-
ued measure (POVM) on party A, with pk = Tr(EAk ρAB).
The quantum part DA(ρAB), which is QD under our con-
sideration, is then obtained by subtracting JA(ρAB) from
I(ρAB) [5], namely,
DA(ρAB) = min
{EA
k
}
S(B|{EAk })− S(B|A), (2)
where S(B|A) = S(ρAB) − S(ρA) denotes the conditional
von Neumann entropy of ρAB . For general ρAB , a tight upper
bound for QD is proven to be [15]
DA(ρAB) ≤ S(ρA), (3)
with equality holding if and only if the complex Hilbert space
of subsystem B can be decomposed as HB = HBL ⊗ HBR
such that ρAB = |ψ〉ABL〈ψ| ⊗ ρBR [16].
The quantum-memory-assisted EUR was initially conjec-
tured by Renes and Boileau [24] and then proven by Berta et
al. [19]. It reads
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B), (4)
where S(X |B) is the conditional entropy of the postmeasure-
ment state ρXB =
∑
k(|ψXk 〉〈ψXk | ⊗ I)ρAB(|ψXk 〉〈ψXk | ⊗ I),
2with |ψXk 〉 being the eigenvectors of X = {Q,R}. Moreover,
c in Eq. (4) quantifies the incompatibility of the observablesQ
andR. It is defined as c = maxk,l |〈ψQk |ψRl 〉|2 . Here, the sub-
systemB is called a quantum memory, as it stores information
which can be used by one player of the uncertainty game to
infer the measurement outcome of his counterpart [19].
Experimentally, the EUR of Eq. (4) has been tested in
systems of photon pairs [25], and is proposed for testing in
nitrogen-vacancy (NV) center in diamond [26]. Theoretically,
a tighter lower bound of measurement uncertainty than that
presented in the right-hand side (RHS) of Eq. (4) is obtained
in a recent work [22]. By incorporating the discrepancy be-
tween QD and the classical correlation into account, the fol-
lowing inequality is proven:
S(Q|B)+S(R|B) ≥ log2
1
c
+S(A|B)+max{0,−∆}, (5)
where∆ = JA(ρAB)−DA(ρAB) characterizes the imbalance
between the classical correlation and QD [27]. Therefore, the
lower bound of Berta et al. [Eq. (4)] is tightened whenever
∆ < 0, i.e., when the quantum correlation in the joint system
of the quantum memory and the measured particle exceeds the
classical correlation that exists in the same system.
We remark here that the correlation discrepancy ∆ equals
I(ρBC) − 2Ef (ρBC) when one takes the purified state
|Ψ〉ABC for ρAB into consideration [27], where Ef (ρBC) =
min
∑
i piS(TrC |ψi〉BC〈ψi|) represents the entanglement of
formation (EoF) [28] for state ρBC = TrA(|Ψ〉ABC〈Ψ|), and
the minimum is taken over all the pure-state decompositions
ρBC =
∑
i pi|ψi〉BC〈ψi|. Meanwhile, I(ρBC) − 2Ef (ρBC)
is also found to be equal to τD = DA(ρA:BC)−DA(ρAB)−
DA(ρAC) [29]. τD is the discord monogamy score introduced
in [30]. Therefore, we have ∆ = τD , which indicates that the
lower bound of the EUR in Eq. (4) is improved whenever
the purification |Ψ〉ABC for ρAB violates the monogamy in-
equality DA(ρAB) + DA(ρAC) ≤ DA(ρA:BC), i.e., ∆ < 0
whenever |Ψ〉ABC is not monogamous.
With the above preliminaries, we now show applications of
the EUR (5) in deriving improved upper bounds on QD. To
this end, and for the purpose of showing figures of merit using
this method, we first introduce a slightly stronger upper bound
of QD than that presented in Eq. (3), which is given by
DA(ρAB) ≤ min{S(ρA), S(ρA)− S(A|B)}. (6)
This upper bound tightens that presented in Eq. (3) for all
ρAB with positive conditional entropy S(A|B) [DA(ρAB) ≤
S(ρA) − S(A|B) = I(ρAB) holds obviously true by its def-
inition]. This occurs for several natural bipartite states; see,
for example, the dashed lines in Fig. 1 obtained by Eq. (6) for
the d⊗ d pseudopure state [13]
ρPP =
1− r
d2 − 1I+
rd2 − 1
d2 − 1 |ψ〉〈ψ|, (7)
where |ψ〉 = ∑di=1 ui|ii〉, with
∑d
i=1 u
2
i = 1. For both
plots displayed in Fig. 1, the dashed lines before the sudden
change points rSC denoted by the stars correspond to the up-
per bounds ofDA(ρAB) given by S(ρA)−S(A|B), while af-
ter the points rSC , they are given by the original boundS(ρA).
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FIG. 1: (Color online) Upper bounds of QD for ρPP of Eq. (7) with
(a) d = 2, u1 = 2
√
2/3, u2 = 1/3 and (b) d = 3, u1 =
√
7/3,
u2,3 = 1/3. The dash-dotted and the dashed lines are the exact
results of QD and its upper bounds given by Eq. (6) [the stars denote
critical points after which S(ρA) in Eq. (6) dominates], while the
solid red, blue, and green lines (from bottom to top) are those given
by Λα [Eqs. (8) and (10)] with α = T, M, and F, respectively.
Due to the high symmetry of ρPP, analytical results of the QD
can also be obtained [13] and they are denoted by the dash-
dotted lines illustrated in Fig. 1.
Based on the result of Eq. (6), we now present our improved
upper bound to QD via the following theorem.
Theorem 1. For any bipartite state ρAB , the QD satisfies
DA(ρAB) ≤ min{S(ρA), I(ρAB),ΛT}, (8)
where ΛT = [δT + I(ρAB)]/2, and
δT = S(Q|B) + S(R|B)− log2
1
c
− S(A|B), (9)
which characterizes the discrepancy between uncertainty of
the measurement outcomes of Q and R (inferred from pro-
jective measurement on A and quantum state tomography on
B, known as the tomographic estimate in [25]) and its lower
bound depicted on the RHS of Eq. (4).
Proof. Due to Eq. (6), it suffices to prove that (i) the in-
equality DA(ρAB) ≤ ΛT, and (ii) it is possible for ΛT to be
smaller than or equal to S(ρA) and I(ρAB).
The first one, that is, DA(ρAB) ≤ ΛT, can be shown to be
true by reexpressing ∆ in Eq. (5) as I(ρAB) − 2DA(ρAB),
which gives immediately δT ≥ 2DA(ρAB) − I(ρAB), and
thereforeDA(ρAB) ≤ ΛT.
3The second one can be proven by taking the minimum un-
certainty states of Berta et al. [e.g., the Greenberger-Horne-
Zeilinger state (|000〉 + |111〉)/√2; refer to [31] for more
details about this kind of state] as an example, which corre-
spond to δT = 0. Therefore, the requirement (ii) reduces to
I(ρAB)/2 ≤ S(ρA) and I(ρAB)/2 ≤ I(ρAB). The former
one can always be satisfied due to the Araki-Lieb inequality
|S(ρA)−S(ρB)| ≤ S(ρAB) [32] and the latter one is obvious.
This completes the proof. 
One can make the upper bound ΛT better by choosing ap-
propriate observables. Particularly, when Q and R are com-
plementary such that log2(1/c) = log2 dA, with dA being the
dimension of HA, the upper bound ΛT of DA(ρAB) in Eq.
(8) is saturated for the isotropic state of arbitrary dimensions
[33], i.e., for all ρPP of Eq. (7) with ui = 1/
√
d. Thus the
upper bound ΛT we obtained is tight.
For general ρPP, from the solid red lines shown in Fig. 1
which are obtained by choosing the observablesQ andR such
that log2(1/c) = log2 d [note that for ρPP in Eq. (7), dA =
dB = d], one can see obviously that the upper bound ΛT
tightens that given by Eq. (6), and for the special cases of
r = 1/d2 [with DA(ρAB) = 0] and r = 1 [with DA(ρAB) =
−∑di=1 u2i log2 u2i ], the upper bound ΛT is saturated.
Moreover, by using the facts that projective measurements
increase entropy [32] and Fano’s inequality [19, 25], one can
obtain two slightly weaker bounds for QD as follows:
DA(ρAB) ≤ min{S(ρA), I(ρAB),Λα}, (10)
where Λα = [δα + I(ρAB)]/2, with α = {M,F}. Similarly,
δM and δF can be obtained directly by replacing the first two
terms on the RHS of Eq. (9) with S(Q|Q) + S(R|R) and
h(pQ)+h(pR)+(pQ+pR) log2(dA−1), respectively. Here,
S(X |X) (X = Q,R) denotes the conditional von Neumann
entropy of the postmeasurement state ρXX obtained via two-
side projective measurements on ρAB , and h(pX) is the binary
entropy of the probability distribution pX corresponding to
different outcomes of X on A and X on B.
The upper bounds given in Eq. (10) are, in general, weaker
than that of Eq. (8) in that ΛM,F ≥ ΛT, but may be favored
for their ease of experimental accessibility [25]. Particularly,
they may still be tighter than that given by Eq. (6) under cer-
tain circumstances. See, for example, the solid blue (given by
ΛM) and solid green (given by ΛF) lines displayed in Fig. 1
for the pseudopure states of Eq. (7), which are nearly over-
lapped during the small r regions. Clearly, both of the bounds
described by ΛM and ΛF are tighter than that given by Eq. (6)
in most intervals of the mixing parameter r.
At this stage, one may wonder what the other implications
would be of the tightened EUR in Eq. (5). Here, we show that
it also implies a constraint on the shareability of QD among
different parties of a composite system.
Theorem 2. For any tripartite state ρABC with S(ρA) =
−S(A|BC), we have
DA(ρAB) +DA(ρAC) ≤ DA(ρA:BC) + δT. (11)
Proof. First, Eq. (5) means δT ≥ DA(ρAB) − JA(ρAB).
This, together with the inequality DA(ρAC) + JA(ρAB) ≤
S(ρA) which is applicable for arbitrary ρABC [34], results in
DA(ρAB) +DA(ρAC) ≤ S(ρA) + δT. (12)
Thus, Eq. (11) holds obviously for all the tripartite pure states
|Ψ〉ABC because we always have DA(ρA:BC) = S(ρA), and
S(ρA) = −S(A|BC). Moreover, we know from Ref. [16]
that even for mixed ρABC , S(ρA) = −S(A|BC) if and only
if there exists a factorization HBC = H(BC)L ⊗H(BC)R for
the Hilbert space HBC such that ρABC = |ψ〉A(BC)L〈ψ| ⊗
ρ(BC)R , and therefore DA(ρA:BC) = DA(|ψ〉A(BC)L) =
S(ρA). 
The inequality (11) is a released version of the monogamy
relation of QD [23]. It applies for all tripartite pure states and
to extended classes of mixed states. As δT is non-negative due
to Eq. (4), the inequality (11) implies immediately that even if
QD may violate the monogamy inequality, the different sub-
systems of ABC still cannot be freely correlated. That is,
subsystem A cannot share an unlimited amount of quantum
correlations individually with both B and C, as the summa-
tion is limited by DA(ρA:BC) + δT. Therefore, we see that
although the monogamy inequality of QD may be violated,
there exists a limitation for QD shareability.
Moreover, as a corollary, we emphasize here that Eq. (11)
also yields a sufficient condition for the monogamy of QD in
a class of tripartite states ρABC with S(ρA) = −S(A|BC).
That is, there exist measurement operators Q and R such that
the discrepancy δT defined in Eq. (9) vanishes, i.e., δT =
0. This occurs, for instance, for the reduced ρAB being the
minimum uncertainty state of Berta et al. [31], namely, the
bipartite states ρAB = TrC(|Ψ〉ABC〈Ψ|) saturate the lower
bound of Eq. (4).
Finally, it is worthwhile to note that the original definition
of QD introduced by Ollivier and Zurek [5] is measurement
dependent, thus there are two possible lines for studying the
monogamous character of QD. The case we discussed in The-
orem 2 corresponds to that with the measurements being per-
formed on the same subsystemA. When we go forward along
another line for which the measurements were performed on
different subsystems (some discussions along this line can be
found in [23, 35]), we can also establish a connection between
the EUR and shareability of QD.
Theorem 3. For any tripartite pure state |Ψ〉ABC , we have
DB(ρAB) +DC(ρAC) ≤ DBC(ρA:BC) + δ¯T, (13)
where δ¯T = [δ(BA)T + δ
(CA)
T ]/2, with
δ
(BA)
T = S(QB|A) + S(RB|A)− log2
1
c
− S(B|A),
δ
(CA)
T = S(QC |A) + S(RC |A)− log2
1
c
− S(C|A). (14)
Proof. By making the substitutions A→ X (X = B or C)
and B → A to the EUR in Eq. (5), we obtain
DX(ρAX) ≤ 1
2
[δ
(XA)
T + S(ρX)− S(X |A)], (15)
4for arbitrary ρABC . Consequently,
DB(ρAB) +DC(ρAC) ≤ S(ρA) + δ¯T
−1
2
[S(A|B) + S(A|C)]
≤ S(ρA) + δ¯T, (16)
where the second inequality is due to the strong subadditivity
of the von Neumann entropy [32]. Then, Eq. (13) is obviously
true for any |Ψ〉ABC because for pure states we always have
DBC(ρA:BC) = DA(ρA:BC) = S(ρA). 
This theorem also implies that if there exist observables Q
and R giving nullity of δ¯T, then the state |Ψ〉ABC will obey
the monogamy of discord conditionDB(ρAB)+DC(ρAC) ≤
DBC(ρA:BC). It shows again the power of the EUR for ex-
ploring monogamy properties of discord.
In summary, we have shown applications of a generalized
EUR [22] in obtaining an improved tight upper bound for QD.
This bound applies to bipartite states of arbitrary dimensions
and tightens that given in the literature [15, 16]. In addition,
we have also shown applications of the EUR in identifying an
inequality which constrains the shareability of QD between
different parties of a composite system. More specifically, we
showed that even if QD may not respect the monogamy rela-
tion, the quantum correlations still cannot be freely shared.
As an amendment to the violation of monogamy relation
for QD, a released monogamylike relation is still satisfied
for all tripartite pure states. We hope that these results may
provide useful insights as to what role quantum correlations
play in the fundamental theory of the uncertainty principle,
as well as to how the uncertainty principle, particularly those
of the entropic forms, imposes constraints on the strength and
distributions of quantum correlations.
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